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Abstract
We prove that any conformally flat submanifold with flat normal bundle in
a conformally flat Riemannian manifold is locally holonomic, that is, admits a
principal coordinate system. As one of the consequences of this fact, it is shown
that the Ribaucour transformation can be used to construct an associated large
family of immersions with induced conformal metrics holonomic with respect to
the same coordinate system.
A main task in conformal geometry is the study of submanifolds of conformally flat
Riemannian manifolds with induced conformally flat metrics. A Riemannian manifold
Mn is said to be conformally flat if each point lies in an open neighborhood conformal
to an open subset of Euclidean space Rn. This is always the case for manifolds endowed
with metrics of constant sectional curvature.
Even if they belong to the realm of conformal geometry, for reason of simplicity most
of the results in this paper are stated for submanifolds of Euclidean space. Nevertheless,
they hold true when the ambient space is just a conformally flat manifold.
E. Cartan [1] proved that a hypersurface f : Mn → Rn+1, n ≥ 4, is conformally
flat if and only if at each point there is a principal curvature of multiplicity at least
n− 1. If Mn is free of flat points, then f(M) is locally foliated by (n− 1)-dimensional
umbilical submanifolds of Rn+1, or equivalently, we have that f(M) is enveloped by a
one-parameter family of umbilical hypersurfaces of the ambient space.
Moore [13] extended Cartan’s result to submanifolds of higher codimension. He
showed that an isometric immersion of a conformally flat manifold f : Mn → Rn+p of
dimension n ≥ 4 and codimension p ≤ n−3 has a principal normal vector of multiplicity
at least n − p ≥ 3 at each point. Recall that a normal vector η ∈ NfM(x) is called a
principal normal of f at x ∈Mn with multiplicity s if the tangent subspace defined as
Eη(x) =
{
X ∈ TxM : αf (X, Y ) = 〈X, Y 〉η for all Y ∈ TxM
}
in terms of the second fundamental form αf : TM × TM → NfM of the immersion,
satisfies dimEη(x) = s > 0. Clearly, principal normals are a natural generalization to
submanifolds of higher codimension of principal curvatures of hypersurfaces.
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A smooth normal vector field η ∈ NfM to an isometric immersion f : Mn → RN is
called a principal normal vector field with multiplicity s if dimEη(x) = s > 0 is constant,
in which case the distribution x ∈ Mn 7→ Eη(x) is smooth. A principal normal vector
field η is called Dupin if it is parallel along Eη in the normal connection, which is always
the case if s ≥ 2. The principal normal being Dupin implies that f maps each leaf of
the spherical distribution x 7→ Eη(x) into an umbilical submanifold of Rn+p.
Let f : Mn → RN be an isometric immersion with flat normal bundle, that is, at
any point the curvature tensor of the metric induced from the ambient space on the
normal bundle of the submanifold vanishes. Submanifolds with flat normal bundle have
captured the attention because they “behave like hypersurfaces”. For instance, from [16]
we have that at any point x ∈ Mn there is a unique set of pairwise distinct principal
normal vectors ηi ∈ NfM(x), 1 ≤ i ≤ s(x), and an associate orthogonal splitting of the
tangent space as
TxM = Eη1(x)⊕ · · · ⊕Eηs(x).
Related to Moore’s result in [13] it was proved in [11] that if at some point a conformally
flat submanifold f : Mn → R2n−2, n ≥ 4, has no principal normal of multiplicity larger
than one, then the normal bundle at that point has to be flat.
An isometric immersion f : Mn → RN with flat normal bundle is called holonomic
if Mn carries a global orthogonal principal coordinate system. That the coordinates are
principal means that the corresponding coordinate vector fields diagonalize the second
fundamental form of the immersion at any point. It is a classical fact that the Gauss-
Codazzi equations for a holonomic submanifold can be nicely written as a completely
integrable system of first order PDE’s.
Cartan [2] proved that if f : Mnc˜ → Qn+pc is an isometric immersion of a manifold
with constant sectional curvature c˜ into a space form of sectional curvature c, then the
submanifold is locally holonomic if c˜ < c and the codimension is p = n−1, which in this
case is the least possible. If c˜ > c the same conclusion for the same codimension was
obtained by Moore [14] under the additional assumption that the submanifold is free of
weak-umbilic points. To prove these results, one first has to argue that the submanifold
must have flat normal bundle, and then that the image of its second fundamental form
spans at any point the full normal space of the immersion. An elementary argument
then yields local holonomicity; for instance see Proposition 1 in [9].
Holonomic isometric immersions f : Mnc˜ → QNc are of particular interest because the
associated Gauss-Codazzi system of equations is, in this case, a natural generalization
of the sinh-Gordon, sine-Gordon, Laplace or wave equation, according to the values of
the sectional curvatures. These equations are classically known to be in correspondence
to constant curvature surfaces; cf. [8] and [9].
Related to the above, we proved in [7] that any isometric immersion of an Einstein
manifold f : Mn → RN with flat normal bundle and proper is locally holonomic. Being
proper means that the submanifold has a constant number of principal normals with
constant multiplicity. Note that the only Riemannian manifolds that are simultaneously
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Einstein and conformally flat are the ones of constant sectional curvature.
The following is the main result of this paper.
Theorem 1. Let f : Mn → RN , n ≥ 4, be an isometric immersion with flat normal
bundle and proper of a conformally flat manifold. Then f is locally holonomic with at
most one principal normal vector field of multiplicity larger than one.
In Example 9 given below a large family of nonflat conformally flat submanifolds of
codimension two with flat normal bundle is constructed. They possess three principal
normal vector fields and the holonomic coordinates are provided by the construction.
In view of the above result, it is quite natural to consider that the conformally flat
submanifolds with flat normal bundle and proper belong to one of two classes according
to whether they carry a principal normal vector field of multiplicity larger than one or
not. Notice that in low codimension, the former situation is always the case due to the
aforementioned result of Moore.
An isometric immersion f : Mn → Rn+p is said to be quasiumbilical if at any point
of Mn there exists an orthonormal normal base ξ1, . . . , ξp such that each shape operator
Aξj , 1 ≤ j ≤ p, has an eigenvalue of multiplicity at least n − 1. The property of a
submanifold being quasiumbilical is conformally invariant.
In view of Cartan’s result that isometric immersions with codimension one between
conformally flat manifolds f : Mn → M˜n+1, n ≥ 4, are quasiumbilical, it is clear that
composing hypersurfaces of this type yields quasiumbilical submanifolds with higher
codimension.
If f : Mn → Rn+p, n ≥ 4, is quasiumbilical, it is easy to see that the Weyl tensor of
Mn vanishes, hence Mn is conformally flat. On the other hand, Chen and Verstraelen
[3] proved that if Mn, n ≥ 4, is conformally flat and f : Mn → Rn+p has flat normal
bundle with codimension p ≤ n− 3, then the submanifold is quasiumbilical. Moore and
Morvan [15] reached the same conclusion for codimension p ≤ 4 without the assumption
of flatness of the normal bundle.
To conclude that a conformally flat submanifold with flat normal bundle is quasium-
bilical, the presence for a principal normal of multiplicity at least two suffices regardless
of the codimension.
Theorem 2. Let f : Mn → Rn+p, n ≥ 4, be an isometric immersion with flat normal
bundle and proper of a conformally flat manifold. If f carries a principal normal vector
field of multiplicity m ≥ 2 then p ≥ n−m and f is quasiumbilical.
If a principal normal is trivial, say ηi = 0, then
Eηi(x) = ∆(x) = {X ∈ TxM : αf(X, Y ) = 0 for all Y ∈ TxM}
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is called the relative nullity subspace of f at x ∈Mn and ν(x) = dim∆(x) the index of
relative nullity of f at x ∈ Mn.
That a conformally flat submanifold with flat normal bundle has index ν ≥ 1 turns
out to be quite restrictive. It is convenient to state the following result for ambient space
forms QNc and leave the definitions of generalized cone and cylinder in these spaces for
later.
Theorem 3. Let f : Mn → QNc , n ≥ 4, be an isometric immersion with flat normal
bundle and proper of a conformally flat manifold. If f has index of relative nullity ν ≥ 1,
then one of the following holds:
(i) Mn has constant sectional curvature c and f is locally a ν-generalized cylinder
over a holonomic submanifold g : Ln−ν → QNc .
(ii) Mn has sectional curvature different from c and f is locally a 1-generalized cone
over a holonomic submanifold g : Ln−1 → QN−1c˜ ⊂ QNc , c˜ ≥ c, with constant
sectional curvature different from c˜.
Holonomic submanifolds are the natural object of application of the Ribaucour trans-
formation introduced in [9]. This fact is instrumental to obtain the following result.
Theorem 4. Let f : Mn → RN , n ≥ 4, be an isometric immersion with flat nor-
mal bundle and proper of a conformally flat manifold. Then locally there exists an
N-parameter family of immersions f˜ : Mn → RN with induced conformal metrics that
are holonomic with respect to the same coordinate system as f .
We observe that some of the results in this paper have been obtained by Donaldson
and Terng [17] under strong additional assumptions.
1 Preliminaries
In this section we show that the statements in this paper are conformally invariant.
Let f : Mn → RN be an isometric immersion with flat normal bundle and let ηi ∈
NfM(x), 1 ≤ i ≤ s(x), be the set of pairwise distinct principal normals at x ∈ Mn.
Then, the second fundamental form α = αf of f acquires the form
α(X, Y )(x) =
s∑
i=1
〈X i, Y i〉ηi
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where X 7→ X i denotes the orthogonal projection from TxM onto Ei(x) = Eηi(x).
Equivalently, in terms of the shape operators of f we have
AξX =
s∑
i=1
〈ξ, ηi〉X i (1)
for any ξ ∈ NfM .
A submanifold f : Mn → RN with flat normal bundle is called proper if s(x) = k
is constant on Mn. In this situation, we have from [16] that the principal normal
vector fields x ∈ Mn 7→ ηi(x), 1 ≤ i ≤ k, are smooth. Moreover, the distributions
x ∈Mn 7→ Ei(x), 1 ≤ i ≤ k, have constant dimension and are also smooth.
Let M˜N be endowed with conformal metrics g1 and g2, that is, g2 = λ
2g1 where
λ ∈ C∞(M˜) is positive. Given an immersion f : Mn → M˜N , we thus have the two
isometric immersions with the induced metrics
fj = f : (M
n, f ∗gj)→ (M˜N , gj), 1 ≤ j ≤ 2.
At any x ∈Mn the second fundamental forms of f1 and f2 are related by
αf2(X, Y ) = αf1(X, Y )−
1
λ
g1(X, Y )(grad 1λ)
⊥
and the normal curvature tensors by
R⊥2 (X, Y )ξ = R
⊥
1 (X, Y )ξ
for any X, Y ∈ TxM and ξ ∈ NfM(x). In particular, if η is a principal normal vector
of f1 at x ∈Mn then
η − 1
λ
(grad 1λ)
⊥ (2)
is a principal normal vector of f2 at x ∈Mn.
We thus have the following fact.
Proposition 5. Let f : Mn →MN be an isometric immersion with flat normal bundle
and proper and let τ : MN → M˜N be a conformal diffeomorphism. Then the conformal
immersion f˜ = τ ◦ f : Mn → M˜N also has flat normal bundle and is proper.
2 Proof of Theorem 1
The proof of Theorem 1 will follow from the two lemmas given in the sequel.
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Lemma 6. Let f : Mn → RN , n ≥ 4, be an isometric immersion with flat normal
bundle of a conformally flat manifold. Then at any point of Mn there exists at most one
principal normal of multiplicity at least two.
Proof: It is well-known that the curvature tensor of Mn has the form
R(X, Y, Z,W ) = L(X,W )〈Y, Z〉 − L(X,Z)〈Y,W 〉+ L(Y, Z)〈X,W 〉 − L(Y,W )〈X,Z〉
in terms of the Schouten tensor given by
L(X, Y ) =
1
n− 2
(
Ric(X, Y )− s
2(n− 1)〈X, Y 〉
)
where s denotes the scalar curvature. In particular, the sectional curvature is given by
K(X, Y ) = L(X,X) + L(Y, Y ) (3)
where X, Y ∈ TM are orthonormal vectors.
A straightforward computation of the Ricci tensor using the Gauss equation
R(X, Y, Z,W ) = 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉 (4)
yields
Ric(X, Y ) = n〈α(X, Y ), H〉 −
n∑
j=1
〈α(X,Xj), α(Y,Xj)〉 (5)
where H is the mean curvature vector and X1, . . . , Xn an orthonormal tangent basis.
We obtain from (3) and (4) that
L(X,X) + L(Y, Y ) = 〈α(X,X), α(Y, Y )〉 − ‖α(X, Y )‖2 (6)
for any pair X, Y ∈ TM of orthonormal vectors. From (5) we have
Ric(X,X) = n〈ηi, H〉 − ‖ηi‖2
for any unit vector X ∈ Ei. Thus
(n− 2)L(X,X) = n〈ηi, H〉 − ‖ηi‖2 − s
2(n− 1) (7)
for any unit vector X ∈ Ei. Denoting
ηˆi = ηi −H, 1 ≤ i ≤ k,
we obtain from (7) that
(n− 2)L(X,X) = (n− 1)‖H‖2 + (n− 2)〈ηˆi, H〉 − ‖ηˆi‖2 − s
2(n− 1) (8)
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for any unit vector X ∈ Ei.
Assume that η1 has multiplicity at least two. Then (7) yields
L(X,X) = L(Y, Y )
for any unit vectors X, Y ∈ E1. Hence (6) gives that
2L(X,X) = ‖ηˆ1‖2 + 2〈ηˆ1, H〉+ ‖H‖2 (9)
for any unit vector X ∈ E1. It follows from (8) and (9) that
‖ηˆ1‖2 = ‖H‖2 − s
n(n− 1) · (10)
We obtain from (9) and (10) that
L(X,X) = ‖H‖2 + 〈ηˆ1, H〉 − s
2n(n− 1) (11)
for any unit vector X ∈ E1.
Given principal normals ηi 6= ηj , we have from (6) that
L(X,X) + L(Y, Y ) = 〈ηˆi, ηˆj〉+ 〈ηˆi + ηˆj, H〉+ ‖H‖2 (12)
whereX ∈ Ei and Y ∈ Ej are unit vectors. Suppose that ηi and ηj have both multiplicity
at least two. It follows from (10) that
‖ηˆi‖2 = ‖H‖2 − s
n(n− 1) = ‖ηˆj‖
2. (13)
On the other hand, we obtain from (11) and (12) that
〈ηˆi, ηˆj〉 = ‖H‖2 − s
n(n− 1) · (14)
We conclude from (13) and (14) that ηi = ηj , and this is a contradiction.
Example 7. A rather simple example in high codimension of a conformally flat sub-
manifold with flat normal bundle carrying a principal normal of multiplicity at least
two is as follows: Let M2n be the Riemannian product Sn1 × U where Sn1 ⊂ Rn+1 is a
round sphere and U an open subset of the hyperbolic space Hn
−1 isometrically immersed
in R2n−1. Then M2n is conformally flat and the product isometric immersion of M2n
into R3n has a principal normal of multiplicity n.
Lemma 8. Let f : Mn → RN , n ≥ 4, be an isometric immersion with flat normal
bundle of a conformally flat manifold. If at some point of Mn we have k ≥ 3, then the
vectors ηj − ηm and ηj − ηℓ are linearly independent for 1 ≤ m 6= j 6= ℓ 6= m ≤ k.
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Proof: We argue by contradiction. In the sequel suppose that
ηj − ηm = µ(ηj − ηℓ) (15)
where µ 6= 0 and 1 ≤ m 6= j 6= ℓ 6= m ≤ k.
If η1 is a principal normal of multiplicity at least two, it follows from (8), (10), (11)
and (12) that
(n− 2)〈ηˆ1, ηˆj〉+ ‖ηˆj‖2 − (n− 1)‖ηˆ1‖2 = 0, 2 ≤ j ≤ k,
which is equivalent to
‖2ηˆj + (n− 2)ηˆ1‖ = n‖ηˆ1‖. (16)
If ηi 6= ηj are principal normals of multiplicity one, we have from (8) and (12) that
‖ηˆi‖2 + (n− 2)〈ηˆi, ηˆj〉+ ‖ηˆj‖2 = n‖H‖2 − s
n− 1 · (17)
By Lemma 6 there is at most one principal normal η1 of multiplicity at least two.
Suppose first that this is the case. Due to (16) the vectors
βj = 2ηˆj + (n− 2)ηˆ1, 2 ≤ j ≤ k,
satisfy
‖βj‖ = n‖ηˆ1‖, 2 ≤ j ≤ k. (18)
Case (i): If j,m, ℓ ≥ 2, we have from (15) that
(1− µ)βj = βm − µβℓ
if j 6= m 6= ℓ 6= j. Hence
‖βj‖2 − 2µ‖βj‖2 + µ2‖βj‖2 = ‖βm‖2 − 2µ〈βm, βℓ〉+ µ2‖βℓ‖2
which gives
‖βj‖2 = 〈βm, βℓ〉.
It follows from (18) that ηm = ηℓ, and this is a contradiction.
Case (ii): If j = 1 and m 6= ℓ ≥ 2, we have from (15) that
βm − µβℓ = n(1− µ)ηˆ1.
Hence
‖βm‖2 − 2µ〈βm, βℓ〉+ µ2‖βℓ‖2 = n2(1− µ)2‖ηˆ1‖2.
Using (18) we obtain ηm = ηℓ, and this is a contradiction.
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Case (iii): If m = 1 and j 6= ℓ ≥ 2, we have from (15) that
(1− µ)βj + µβℓ = nηˆ1.
We may assume that µ 6= 1 since, otherwise, we already have a contradiction. Hence
(1− µ)2‖βj‖2 + 2µ(1− µ)〈βj, βℓ〉+ µ2‖βℓ‖2 = n2‖ηˆ1‖2.
Using (18) and µ 6= 1 we have ηj = ηℓ, and this is a contradiction.
Next assume that all principal normals have multiplicity one. From (17) we have
‖ηˆi‖2 + (n− 2)〈ηˆi, ηˆj〉+ ‖ηˆj‖2 = nb
where i 6= j and
b = ‖H‖2 − s
n(n− 1) ·
This is equivalent to
‖βji ‖2 = 4nb+ n(n− 4)‖ηˆj‖2 (19)
where
βji = 2ηˆi + (n− 2)ηˆj .
We have from (15) that
(1− µ)βij = βim − µβiℓ
if i 6= m 6= j 6= ℓ 6= i. Hence
‖βij‖2 − 2µ‖βij‖2 + µ2‖βij‖2 = ‖βim‖2 − 2µ〈βim, βiℓ〉+ µ2‖βiℓ‖2.
We obtain using (19) that
‖βij‖2 = 〈βim, βiℓ〉.
It follows that ηm = ηℓ, and this is a contradiction.
Proof of Theorem 1: The case k = 1 is trivial. In order to conclude holonomicity it
is a standard fact that it suffices to show that the distributions E⊥j are integrable for
1 ≤ j ≤ k. The Codazzi equation is easily seen to yield
〈X, Y 〉∇⊥Zηi = 〈∇XY, Z〉(ηi − ηj) (20)
and
〈∇XV, Z〉(ηj − ηℓ) = 〈∇VX,Z〉(ηj − ηi) (21)
for any X, Y ∈ Ei, Z ∈ Ej and V ∈ Eℓ where 1 ≤ i 6= j 6= ℓ 6= i ≤ k.
It follows from (20) that the Ei’s are integrable. Thus, it is sufficient to argue for
the case k ≥ 3. In fact, it suffices to show that if X ∈ Ei and Y ∈ Ej then [X, Y ] ∈ E⊥ℓ
if i 6= j 6= ℓ 6= i. We have from (21) that
〈∇XY, Z〉(ηℓ − ηj) = 〈∇YX,Z〉(ηℓ − ηi)
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for any Z ∈ Eℓ. Then we obtain from Lemma 8 that
〈∇XY, Z〉 = 〈∇YX,Z〉 = 0
which completes the proof of holonomicity. Then Lemma 6 completes the proof.
Example 9. A large family of nontrivial examples of conformally flat n-dimensional
submanifolds in Rn+2 was constructed in [4] that goes as follows: Start with two smooth
spherical curves parametrized by arc-length
γi : Ii ⊂ R→ Smi(ri) ⊂ Rmi+1, 1 ≤ i ≤ 2,
where m1 + m2 = n and r
2
1 + r
2
2 = 1. Consider the spherical surface parametrized by
the isometric immersion h : L2 = I1 × I2 → Sn+11 ⊂ Rn+2 defined by
h(u, v) = (γ1(u), γ2(v)).
Then, the n-dimensional submanifold of Rn+2 parametrized on the unit normal bundle
UNhL of h in S
n+1
1 by the map
φ(w) = h(u, v) + i∗w,
where i : Sn+11 → Rn+2 denotes the inclusion, is conformally flat. A straightforward
computation shows that the submanifold has flat normal bundle.
3 Proof of Theorem 2
We first recall from [5] or [11] the following facts which can easily be proved using (1).
Lemma 10. Let f : Mn → RN be an isometric immersion with flat normal bundle and
principal normal vectors η1, . . . , ηℓ at x ∈Mn. Denote
d = dim span {ηi : 1 ≤ i ≤ ℓ}
and
Sf = span {ηi − ηj : 1 ≤ i, j ≤ ℓ}.
(i) dimSf ≤ ℓ− 1 and d− 1 ≤ dimSf ≤ d.
(ii) If dimSf = d− 1 then the unit vector δ ∈ span {ηi, 1 ≤ i ≤ ℓ} orthogonal to Sf is
umbilical, that is, Aδ = aI.
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Proof of Theorem 2: It is well-known that Mn, n ≥ 4, is conformally flat if and only if
at any x ∈Mn the following holds:
K(X1, X2) +K(X3, X4) = K(X1, X3) +K(X2, X4) (22)
for every quadruple of orthogonal vectors X1, X2, X3, X4 ∈ TxM .
Let η1, . . . , ηn−m+1 be the principal normals of f with η1 the one of multiplicity
m ≥ 2. We obtain from (22) that
〈ξi, ξj〉 = 0, for all 2 ≤ i 6= j ≤ n−m+ 1, (23)
where
ξi = (η1 − ηi)/‖η1 − ηi‖, 2 ≤ i ≤ n−m+ 1.
It follows from Lemma 10 that dimSf = n−m. In particular p ≥ n−m.
Observe that (23) is equivalent to
〈ξi, ηj〉 = 〈ξi, η1〉 for any 2 ≤ j 6= i ≤ n−m+ 1. (24)
According to Lemma 10 we have to distinguish the following cases.
If dimSf = d− 1 we have from part (ii) that
span {ηi, 1 ≤ i ≤ n−m+ 1} = span {δ, ξ2, . . . , ξn−m+1}.
From (24) each Aξi , 2 ≤ i ≤ n−m+1, has an eigenvalue of multiplicity at least n− 1.
If dimSf = d, then
span {ηi, 1 ≤ i ≤ n−m+ 1} = span {ξ2, . . . , ξn−m+1},
and the proof follows similarly.
4 Proof of Theorem 3
We first define generalized cylinders in space forms and subsequently generalized cones.
Notice that the latter submanifolds are also generalized cylinders.
Let g : Ln−s → QNc , 1 ≤ s ≤ n − 1, be an isometric immersion carrying a parallel
flat normal subbundle π : L ⊂ NgL→ Ln−s of rank s. The s-generalized cylinder over g
determined by L is the submanifold parametrized (at the open subset of regular points)
by the map f : L → QNc given by
f(x, v) = expg(x) v
where exp is the exponential map of QNc .
The following result can be found in [5] or [11].
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Proposition 11. Let f : Mn → QNc be an isometric immersion with constant index of
relative nullity ν > 0 such that the conullity distribution x ∈Mn 7→ ∆⊥(x) is integrable.
Then f is locally a ν-generalized cylinder over a leaf g : Ln−ν → QNc of conullity.
Let g : Ln → Qmc˜ be an isometric immersion, and let i : Qmc˜ → QNc , c˜ ≥ c, be an
umbilical inclusion. Since the normal bundle of g˜ = i ◦ g splits as
Ng˜L = i∗(NgL)⊕NiQmc˜ ,
we regard L = NiQmc˜ as a subbundle of Ng˜L. The (N −m)-generalized cone over g is
the submanifold parametrized (at regular points) by the map f : L → QNc given by
f(x, v) = expg(x) v
where exp is the exponential map of QNc .
The following result can be found in [6] or [11].
Proposition 12. Let f : Mn → QNc be an isometric immersion with constant index of
relative nullity ν > 0. Assume that the conullity distribution is umbilical. Then f is
locally a ν-generalized cone over a leaf of conullity g : Ln−ν → QN−νc˜ contained in an
umbilical submanifold QN−νc˜ of Q
N
c with c˜ ≥ c.
Proof of Theorem 3: By Theorem 1 the conullity distribution is integrable. Propo-
sition 11 asserts that f is locally an open neighborhood of a ν-generalized cylinder
over a leaf g = f ◦ h : Ln−ν → QNc of the conullity distribution, where we denote by
h : Ln−ν →Mn the inclusion map.
Let u1, . . . , un be principal coordinates for f with corresponding coordinate vector
fields ∂1, . . . , ∂n such that ∆ = span {∂1, . . . , ∂ν}. Since
〈∇∂i∂j , ∂k〉 = 0, 1 ≤ i 6= j 6= k ≤ n, (25)
we have
〈∇∂i∂j , Z〉 = 0
for ν + 1 ≤ i 6= j ≤ n and Z ∈ ∆. Thus
αh(∂˜i, ∂˜j) = 0, ν + 1 ≤ i 6= j ≤ n,
where h∗∂˜i = ∂i, ν + 1 ≤ i ≤ n. Hence
αg(∂˜i, ∂˜j) = f∗(αh(∂˜i, ∂˜j)) + αf(∂i, ∂j) = 0, ν + 1 ≤ i 6= j ≤ n,
which proves that g is holonomic.
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We may assume ν = 1 since for ν ≥ 2 we have from (22) that Mn has constant
sectional curvature c. Let 0 = η1, η2, . . . , ηk be the distinct principal normals. From
(22) we have
〈ηi, ηj〉 = λ, 2 ≤ i 6= j ≤ k. (26)
Moreover, if k < n and ηr is the principal normal vector field with multiplicity higher
than one, then
‖ηr‖2 = λ. (27)
We may assume λ 6= 0 since for λ = 0 we have from (26) and the Gauss equation that
Mn has constant sectional curvature c. We claim that the distribution ∆⊥ is umbilical.
Since the claim is trivial if k = 2, we assume k ≥ 3. From (20) we have
∇⊥Zηi = 〈∇YiYi, Z〉ηi, 2 ≤ i ≤ k,
where Yi ∈ Ei is of unit length and Z ∈ ∆. Then (26) yields
Z(λ) = λ(〈∇YiYi, Z〉+ 〈∇YjYj, Z〉), 2 ≤ i 6= j ≤ k,
whereas (27) gives
Z(λ) = 2λ〈∇YrYr, Z〉.
Since n ≥ 4, we obtain
〈∇YiYi, Z〉 =
Z(λ)
2λ
, 2 ≤ i ≤ k.
On the other hand, we have from (21) that
〈∇YiYj, Z〉 = 0, 2 ≤ i 6= j ≤ k,
and the claim follows.
Proposition 12 now gives that f coincides locally with the 1-generalized cone over a
leaf of conullity g : Ln−1 → QN−1c˜ into an umbilical submanifold i : QN−1c˜ → QNc , c˜ ≥ c.
It is easy to see that
αf(X, Y ) = i∗αg(X, Y )
for any X, Y ∈ TL. Hence Ln−1 has sectional curvature c˜+ λ|L.
It remains to show that λ is constant along the conullity leaves. From (20) we have
∇⊥Xmηi = 〈∇YiYi, Xm〉(ηi − ηm)
where Yi ∈ Ei is of unit length and Xm ∈ Em with 2 ≤ m 6= i ≤ k. If k > 3 then (26)
gives
Xm(λ) = 0, 2 ≤ i 6= j 6= m 6= i ≤ k.
If k = 3 we have from (26) and (27) that
Xi(λ) = 2〈∇⊥Xiηr, ηr〉 = 0, 2 ≤ i 6= r ≤ 3,
where Xi ∈ Ei. Since ηr is Dupin the proof is complete.
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Example 13. Take any isometric immersion with flat normal bundle of an open subset
of Qnc into Q
n+p
c with p < n. Then it is well-known that ν ≥ n−p. Hence any component
of the open dense subset where the immersion is proper is an example of a generalized
cylinder with constant sectional curvature.
5 Proof of Theorem 4
To prove the theorem, we first establish a one-to-one correspondence of local nature
between globally conformally flat holonomic submanifolds f : Mn → RN , n ≥ 4, and
flat holonomic submanifolds F : Mn0 → LN+2 that lie inside the light-cone VN+1 of the
standard flat Lorentzian space form LN+2. Here Mn0 denotes M
n endowed with the flat
metric conformal to the one of Mn. On the other hand, we have from the results in [9]
and [10] that any flat submanifoldMn0 in L
N+2 admits locally an abundance of Ribaucour
transformations with induced flat metric. Then, after restricting to the transforms
that preserve lying in the light-cone, we obtain by means of the correspondence an
N -parameter family of new conformally flat holonomic submanifolds in RN .
Let 〈 , 〉∗ be a metric conformal to the one of the Riemannian manifold (Mn, 〈 , 〉)
with conformal factor e2ω, that is,
〈 , 〉∗ = e2ω〈 , 〉.
The corresponding Levi-Civita connections ∇∗ and ∇ are related by
∇∗XY = ∇XY + Y (ω)X +X(ω)Y − 〈X, Y 〉gradω (28)
where the gradient is computed with respect to the metric 〈 , 〉. From [12] the relation
between the curvature tensors R∗ and R is given by
R∗(X, Y )Z = R(X, Y )Z − T (X, Y )Z (29)
where
T (X, Y )Z =
(
Q(Y, Z) + 〈Y, Z〉‖gradω‖2)X − (Q(X,Z) + 〈X,Z〉‖gradω‖2) Y
+ 〈Y, Z〉Q0X − 〈X,Z〉Q0Y,
Q(X, Y ) = Hessω(X, Y )−X(ω)Y (ω), Q0X = ∇Xgradω −X(ω)gradω
and everything is computed with respect to the metric 〈 , 〉.
In the sequel (Mn, 〈 , 〉) stands for a globally conformally flat manifold, that is, we
have globally that
〈 , 〉 = e2ω〈 , 〉0
where ω ∈ C∞(M) and 〈 , 〉0 is a flat metric on Mn.
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Lemma 14. Let f : Mn → RN , n ≥ 3, be an isometric immersion with flat normal
bundle and proper. Then
Q(X,Z) = 0 (30)
for X ∈ Ei and any Z ∈ TM such that Z ⊥ X.
Proof: Let Rf denote the curvature tensor with respect to the metric 〈 , 〉. Since 〈 , 〉0
is flat, we have from (29) that
Rf(X, Y )Z = −T (X, Y )Z (31)
for any X, Y, Z ∈ TM .
Assume that either Z ∈ Ei or that Z ∈ Ej with j 6= i. The Gauss equation gives
〈Rf(X, Y )Z,W 〉 = 〈αf(X,W ), αf(Y, Z)〉 − 〈αf(X,Z), αf(Y,W )〉 = 0
for Y ⊥ span {X,Z} and W ∈ TM . We have from (31) that
0 = T (X, Y )Z = Q(Y, Z)X −Q(X,Z)Y,
and (30) follows.
Lemma 15. Let f : Mn → RN be an isometric immersion with flat normal bundle and
proper. If dimE1 ≥ 2, then
Q(Z,Z) = −1
2
(‖η1‖2 + e−4ω‖gradω‖2)
for any Z ∈ E1 with ‖Z‖ = 1.
Proof: We have from (31) that
〈Rf(X, Y )Y,X〉 = −〈T (X, Y )Y,X〉
where X, Y ∈ E1 satisfy X ⊥ Y and ‖X‖ = ‖Y ‖ = 1. The Gauss equation yields
〈Rf(X, Y )Y,X〉 = ‖η1‖2.
Since
〈T (X, Y )Y,X〉 = Q(X,X) +Q(Y, Y ) + e−4ω‖gradω‖2,
we obtain
Q(X,X) +Q(Y, Y ) = −‖η1‖2 − e−4ω‖gradω‖2. (32)
Setting
Z =
1√
2
(X + Y )
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we have that
Q(Z,Z) =
1
2
(Q(X,X) + 2Q(X, Y ) +Q(Y, Y )),
and the proof follows from (30) and (32).
Let (LN+2, 〈〈 , 〉〉) denote the standard flat Lorentzian space form. The light-cone
VN+1 of LN+2 is one of connected components of the set of vectors
{v ∈ LN+2 r {0} : 〈〈v, v〉〉 = 0}
endowed with a degenerate metric induced from LN+2.
Let F : Mn → LN+2 be an isometric immersion of a Riemannian manifold (Mn, 〈 , 〉)
that lies inside VN+1. Taking derivatives of 〈〈F, F 〉〉 = 0 yields that the position vector
field F is a parallel normal vector field to F such that the second fundamental form
satisfies
〈〈αF (X, Y ), F 〉〉 = −〈X, Y 〉 (33)
for all X, Y ∈ TM .
Fix w ∈ VN+1. We have from [18] that the subset of the light-cone
EN = ENw = {v ∈ VN+1 : 〈〈v, w〉〉 = 1}
is a model for RN . In fact, fix v ∈ EN and let A : RN → (span {v, w})⊥ ⊂ LN+2 be a
linear isometry. Then the map Ψ = Ψv,w,A : R
N → LN+2 given by
Ψ(x) = v + Ax− 1
2
‖x‖2RNw
is an isometric embedding such that Ψ(RN) = EN . Moreover, the normal bundle is
NΨR
N = span {Ψ, w} and the second fundamental form is given by
αΨ(X, Y ) = −〈X, Y 〉w
for all X, Y ∈ TRN .
The map F : Mn0 → LN+2 laying inside VN+1 given by
F = e−ωΨ ◦ f
is an isometric immersion of Mn0 = (M
n, 〈 , 〉0) that was called in [17] the flat lift of f .
Lemma 16. The second fundamental form of the flat lift F of f is given by
αF (X, Y ) = −Q(X, Y )F + e−ωΨ∗ (αf (X, Y )− 〈X, Y 〉0f∗gradω)− eω〈X, Y 〉0w
where everything is computed with respect to the flat metric.
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Proof: Let ∇¯, ∇˜ and ∇ denote the Levi-Civita connections of the metrics 〈〈 , 〉〉, 〈 , 〉
and 〈 , 〉0, respectively. Then
αF (X, Y ) = ∇¯XF∗Y − F∗∇XY.
Since
F∗Y = ∇¯Y F = −e−ωY (ω)Ψ ◦ f + e−ω(Ψ ◦ f)∗Y,
we have
∇¯XF∗Y = (X(ω)Y (ω)−XY (ω))F − e−ω(Ψ ◦ f)∗
(
Y (ω)X+X(ω)Y
)
+ e−ω∇¯X(Ψ ◦ f)∗Y.
On the other hand,
∇¯X(Ψ ◦ f)∗Y = Ψ∗∇0Xf∗Y + αΨ(f∗X, f∗Y )
= (Ψ ◦ f)∗∇˜XY +Ψ∗αf(X, Y )− 〈X, Y 〉w
where ∇0 is the Levi-Civita connection in RN . Using (28) we obtain
∇¯XF∗Y = (X(ω)Y (ω)−XY (ω))F − e−ω(Ψ ◦ f)∗
(
Y (ω)X +X(ω)Y − ∇˜XY
)
+ e−ω
(
Ψ∗αf(X, Y )− 〈X, Y 〉w
)
= (X(ω)Y (ω)−XY (ω))F − e−ω(Ψ ◦ f)∗
(〈X, Y 〉0gradω −∇XY )
+ e−ω
(
Ψ∗αf(X, Y )− 〈X, Y 〉w
)
.
Since
F∗(∇XY ) = −∇XY (ω)F + e−ω(Ψ ◦ f)∗∇XY,
we obtain
αF (X, Y ) = ∇¯XF∗Y − F∗∇XY
= (X(ω)Y (ω)− Hessω(X, Y ))F − e−ωΨ∗〈X, Y 〉0f∗gradω
+ e−ω
(
Ψ∗αf(X, Y )− 〈X, Y 〉w
)
= − Q(X, Y )F + e−ωΨ∗ (αf(X, Y )− 〈X, Y 〉0f∗gradω)− eω〈X, Y 〉0w,
and this concludes the proof.
Proposition 17. Let Mn, n ≥ 4, be a globally conformally flat Riemannian manifold
and let f : Mn → RN be an isometric immersion with flat normal bundle and proper.
Then the flat lift F : Mn0 → LN+2 of f is locally holonomic and proper with respect to
the same principal coordinates.
Let F : Mn0 → VN+1 ⊂ LN+2, n ≥ 4, be an isometric immersion with flat normal
bundle and proper of a flat Riemannian manifold. Then F is the flat lift of an isometric
immersion f : Mn → RN of a globally conformally flat Riemannian manifold that is
locally holonomic and proper.
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Proof: By Theorem 1, there is a local coordinate system (u1, . . . , un) such that
αf (Xi, Xj) = 0, 1 ≤ i 6= j ≤ n,
where Xi = ∂i/‖∂i‖ for 1 ≤ i ≤ n. From Lemma 14 and Lemma 16 we obtain
αF (Xi, Xj) = 0, 1 ≤ i 6= j ≤ n,
hence F is holonomic with respect to the same coordinate system.
We have from Lemma 16 that
αF (Xi, Xi) = −Q(Xi, Xi)F + e−ωΨ∗(αf(Xi, Xi)− e−2ωf∗gradω)− e−ωw, 1 ≤ i ≤ n.
It now follows from Lemma 15 that also F is proper.
We now prove the second statement. The map f : Mn → RN given by
Ψ ◦ f = 1〈〈F,w〉〉F
(for appropriate w) is an isometric immersion with respect to the conformally flat metric
〈 , 〉 = 1〈〈F,w〉〉2 〈 , 〉0.
Let {Y1, . . . , Yn} be an orthonormal tangent base at x ∈Mn0 such that
αF (Yi, Yj) = 0, i 6= j.
It follows from Lemma 16 that
Ψ∗αf (Yi, Yj) =
1
|〈〈F,w〉〉|Q(Yi, Yj)F
and
αF (Yi, Yi) = −Q(Yi, Yi)F + |〈〈F,w〉〉|Ψ∗ (αf(Yi, Yi) + f∗grad log |〈〈F,w〉〉|)− w|〈〈F,w〉〉|
for 1 ≤ i 6= j ≤ n. Taking norms in the first equation yields
αf (Yi, Yj) = 0, 1 ≤ i 6= j ≤ n.
Hence f has flat normal bundle. Moreover, f is proper since by the second equation
and Lemma 15 there is a one to one correspondence between the principal normals of f
and the ones of F . Finally, we have from Theorem 1 that f is holonomic.
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Let F : Mn → LN+2 be an isometric immersion of a Riemannian manifold. According
to [10, Theorem 17] any Ribaucour transformation F˜ : Mn → LN+2 of F is of the form
F˜ = F − 2νϕF
where F = F∗gradϕ + β and ν−1 = 〈〈F ,F〉〉. Moreover, the function ϕ ∈ C∞(M) and
the vector field β ∈ NFM satisfy the condition
αF (gradϕ,X) +∇⊥Xβ = 0 (34)
for any X ∈ TM . Notice that (ϕ+ c, β) also satisfies (34) for any c ∈ R.
Now assume that F (M) ⊂ VN+1 ⊂ LN+2. Then
〈〈F, β〉〉 = ϕ+ c where c ∈ R. (35)
In fact, using (33) and (34) it follows that
X〈〈F, β〉〉 = 〈〈F,∇⊥Xβ〉〉 = −〈〈F, αF (gradϕ,X)〉〉 = X(ϕ)
for any X ∈ TM .
Proposition 18. Assume that F (M) lies inside the light-cone VN+1 ⊂ LN+2. Then
the same holds for any Ribaucour transformation F˜ of F for which c = 0 in (35).
Proof: We have that
0 = 〈〈F˜ , F˜ 〉〉 = −4νϕ〈〈F,F〉〉+ 4ν2ϕ2〈F ,F〉 = 4νϕ (ϕ− 〈〈F, β〉〉) ,
and the proof follows.
Now assume that Mn = Mn0 is flat and that F : M
n
0 → LN+2 is holonomic. It follows
from [9, Theorem 13] that the set of all Ribaucour transformations of F that preserve
flatness and are holonomic with respect to the same principal coordinates depends on
N + 1 arbitrary constants. Thus, if F (M) ⊂ VN+1 it follows from the above that the
family of Ribaucour transformations that, in addition, remain in the light-cone depends
on N parameters.
Proof of Theorem 4: The proof now follows easily using Proposition 17.
Remark 19. At least generically, the conformally flat metric of an element in the above
family is not conformal to the original metric of Mn; see [18, Theorem 20].
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